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G2i {(sB, tB)}B∈A #2 r2HH@TQBMi2/ bT�+2bX h?2M

>̃M(
∨

B∈A
sB) =

⊕

B∈A
>̃M(sB).

S`QQ7X
G2i

u =
∐

B∈A
sB, � =

∐

B∈A
{tB}

� ⊂ u Bb � +Q}#`�iBQM- i?2`27Q`2

>̃M(
∨

B∈A
sB) = >̃M(u/�) = >M(u,�) =

⊕

B∈A
>M(sB, tB) =

⊕

B∈A
>̃M(sB).
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.2}MBiBQM
G2i (s,�) #2 � `2H�iBp2 *q +QKTH2t rBi? bF2H2iQMb,

� = s−1 ⊂ s0 ⊂ · · · ⊂ sM ⊂ · · · .

q2 /2}M2 i?2 `2H�iBp2 +2HHmH�` +?�BM +QKTH2t (*+2HH
• (s,�), ∂)

· · · → *+2HH
M (s,�) ∂→ *+2HH

M−1(s,�)
∂→ · · · → *+2HH

0 (s,�) → 0

r?2`2
*+2HH

M (s,�) := >M(sM,sM−1)

�M/ i?2 #QmM/�`v K�T ∂ Bb /2}M2/ #v i?2 +QKKmi�iBp2 /B�;`�K

>M(sM,sM−1) ∂ !!

δ

""◗◗
◗◗◗

◗◗◗
◗◗◗

◗
>M−1(sM−1,sM−2)

>M−1(sM−1,�)

D
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�bbmK2 sM Bb Q#i�BM2/ 7`QK sM−1 #v �ii�+?BM; M@+2HHb
∐

α∈CM
aM−1 7 !!

! "

$$

sM−1
! "

$$∐
α∈CM

.M Φ7 !! sM

aBM+2 sM−1 ↪→ sM Bb � +Q}#`�iBQM-

*+2HH
M (s,�) ≃ >̃M(sM/sM−1) ≃

⊕

CM

>̃M(aM) ≃
⊕

CM

Z

Bb i?2 7`22 �#2HB�M ;`QmT ;2M2`�i2/ #v 2�+? �ii�+?2/

>M(.M, aM−1) = >̃M(aM).
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lbBM; i?2 /B�;`�K

>M(sM,sM−1)
∂M !!

δM
$$

>M−1(sM−1,sM−2)
∂M−1 !!

δM−1

%%❙❙
❙❙❙

❙❙❙
❙❙❙

❙❙❙
>M−2(sM−2,sM−3)

>M−1(sM−1,�)

DM
##❧❧❧❧❧❧❧❧❧❧❧❧❧❧

>M−1(sM−2,�)

DM−1

&&

�M/ δM−1 ◦ DM = 0- r2 b22 i?�i

∂M−1 ◦ ∂M = DM−1 ◦ δM−1 ◦ DM ◦ δM = 0.

h?2`27Q`2 (*+2HH
• (s,�), ∂) BM/22/ /2}M2b � +?�BM +QKTH2tX
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G2i (s,�) #2 � `2H�iBp2 *q +QKTH2tX q2 /2}M2 Bib M@i? `2H�iBp2
+2HHmH�` ?QKQHQ;v #v

>+2HH
M (s,�) := >M(*+2HH

• (s,�), ∂) .

q?2M � = ∅- r2 bBKTHv /2MQi2 Bi #v >+2HH
M (s) +�HH2/ i?2 M@i?

+2HHmH�` ?QKQHQ;vX
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G2i (s,�) #2 � `2H�iBp2 *q +QKTH2tX G2i 0 ≤ [ < T ≤ ∞X h?2M

>M(sT,s[) = 0, B7 M ≤ [ Q` M > T.

S`QQ7, *QMbB/2` i?2 +Q}#`�iBQMb

s[ ↪→ s[+1 ↪→ · · · ↪→ sT−1 ↪→ sT

r?2`2 2�+? [mQiB2Mi Bb � r2/;2 Q7 bT?2`2b

s[+1/s[ =
∨

a[+1, · · · , sT/sT−1 =
∨

aT.
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�bbmK2 M ≤ [ Q` M > TX h?2M

>M(s[+1,s[) = >M(s[+2,s[+1) = · · · = >M(sT,sT−1) = 0.

*QMbB/2` i?2 i`BTH2 s[ ↪→ s[+1 ↪→ s[+2X h?2 2t�+i b2[m2M+2

>M(s[+1,s[) → >M(s[+2,s[) → >M(s[+2,s[+1)

BKTHB2b >M(s[+2,s[) = 0X
h?2 b�K2 �`;mK2Mi �TTHvBM; iQ i?2 i`BTH2 s[ ↪→ s[+2 ↪→ s[+3

BKTHB2b >M(s[+3,s[) = 0X _2T2�iBM; i?Bb T`Q+2bb mMiBH �``BpBM; �i
s[ ↪→ sT−1 ↪→ sT- r2 }M/ >M(sT,s[) = 0X
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G2i (s,�) #2 � `2H�iBp2 *q +QKTH2tX h?2M i?2 +2HHmH�` ?QKQHQ;v
+QBM+B/2b rBi? i?2 bBM;mH�` ?QKQHQ;v

>+2HH
M (s,�) ≃ >M(s,�).
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S`QQ7
*QMbB/2` i?2 7QHHQrBM; +QKKmi�iBp2 /B�;`�K

>M+1(sM+1, sM)

$$

∂M+1

''$$
$$$

$$$
$$$

$
>M(sM−2, �)(= 0)

$$
>M(sM−1, �)(= 0) !! >M(sM, �) !!

$$

>M(sM, sM−1) !!

∂M

""$$
$$$

$$$
$$$

$ >M−1(sM−1, �)

$$
>M(sM+1, �)

$$

>M−1(sM−1, sM−2)

$$
>M(sM+1, sM)(= 0) >M−1(sM−2, �)(= 0)

.B�;`�K +?�bBM; BKTHB2b
>M(sM+1,�) ≃ >+2HH

M (s,�).
h?2Q`2K 7QHHQrb 7`QK i?2 2t�+i b2[m2M+2
>M+1(s,sM+1)(= 0) → >M(sM+1,�) → >M(s,�) → >M(s,sM+1)(= 0)
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G2i 7 : (s,�) → (u,") #2 � +2HHmH�` K�TX Ai BM/m+2b � K�T QM
+2HHmH�` ?QKQHQ;v

7∗ : >+2HH
• (s,�) → >+2HH

• (u,").

h?2`27Q`2 BM i?2 +�i2;Q`v Q7 *q +QKTH2t2b- r2 +�M rQ`F 2MiB`2Hv
rBi? +2HHmH�` ?QKQHQ;v r?B+? Bb +QK#BM�iQ`B�HHv 2�bB2` iQ +QKTmi2X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2i mb MQr �M�Hvx2 +2HHmH�` /Bz2`2MiB�H

∂M : >M(sM,sM−1) → >M−1(sM−1,sM−2).

6Q` 2�+? M@+2HH 2M
α- r2 ?�p2 i?2 ;HmBM; K�T

72M
α
: aM−1 → sM−1.

h?Bb /2}M2b � K�T

7̄2M
α
: aM−1 → sM−1/sM−2 =

∨

CM−1

aM−1

r?B+? BM/m+2b � /2;`22 K�T

(̄72M
α
)∗ : >̃M−1(aM−1) ≃ Z →

⊕

CM−1

>̃M−1(aM−1) ≃
⊕

CM−1

Z.

*QHH2+iBM; �HH M@+2HHb- i?Bb ;2M2`�i2b i?2 /2;`22 K�T

/M :
⊕

CM

Z →
⊕

CM−1

Z.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K
lM/2` i?2 B/2MiB}+�iBQM *+2HH

M (sM,sM−1) ≃
⊕
CM

Z- +2HHmH�` /Bz2`2MiB�H
+QBM+B/2b rBi? i?2 /2;`22 K�T

∂M ≃ /M.

S`QQ7X
h?Bb 7QHHQrb 7`QK +?�bBM; i?2 /2}MBiBQM Q7 i?2 +QMM2+iBM; K�T
∂M : >M(sM,sM−1) → >M−1(sM−1,sM−2).
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1t�KTH2
CPM ?�b � *q bi`m+im`2 rBi? � bBM;H2 2K@+2HH 7Q` 2�+? K ≤ MX
aBM+2 i?2`2 Bb MQ Q// /BK +2HHb- i?2 /2;`22 K�T / = 0X q2 }M/

>F(CPM) =

{
Z F = 0, 2, · · · , 2M
0 Qi?2`rBb2
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
� +HQb2/ Q`B2Mi2/ bm`7�+2 Σ; Q7 ;2Mmb ; ?�b � *q bi`m+im`2 rBi? �
0@+2HH 20- k; 1@+2HHb {�1, #1, · · · , �;, #;}- �M/ � 2@+2HH 22X
AM i?2 +2HH +QKTH2t

Z22 /2→
⊕

B
Z�B ⊕

⊕

B
Z#B

/1→ Z20.

i?2 /2;`22 K�T /2 b2M/b

22 →
∑

B
(�B + #B − �B − #B) = 0

bQ /2 = 0X aBKBH�`Hv- /1 Bb �HbQ 0X q2 }M/

>F(Σ;) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Z F = 0

Z2; F = 1

Z F = 2

0 F > 2.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
RSM = aM/Z2 ?�b � *q bi`m+im`2 rBi? � F@+2HH 7Q` 2�+? 0 ≤ F ≤ MX

RS0 ↪→ RS1 ↪→ · · · ↪→ RSM−1 ↪→ RSM.

RSM−1

RSM

2M
+

2M
−

2M
+ �M/ 2M

− �`2 B/2MiB}2/ mM/2` Z2

q2 ?�p2 i?2 +2HH +QKTH2t

Z /M→ Z /M−1→ Z → · · · /1→ Z



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2 /2;`22 K�T /F : >̃F−1(aF−1) → >F−1(aF−1) Bb

/F = 1 + /2;(�MiBTQ/�H K�T) = 1 + (−1)F.

aQ i?2 +2HH +QKTH2t #2+QK2b

· · · 2→ Z 0→ Z 2→ Z 0→ Z.

Ai 7QHHQrb i?�i

>F(RSM) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Z F = 0

Z/2Z 0 < F < M, F Q//
Z F = M = Q//
0 F = M = 2p2M
0 F > M
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i s #2 � }MBi2 *q +QKTH2t Q7 /BK2MbBQM M �M/ /2MQi2 #v +B i?2
MmK#2` Q7 B@+2HHb Q7 sX h?2 1mH2` +?�`�+i2`BbiB+ Q7 s Bb /2}M2/ �b,

χ(s) :=
∑

B
(−1)B+B.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

_2+�HH i?�i �Mv }MBi2Hv ;2M2`�2/ �#2HB�M ;`QmT : Bb /2+QKTQb2/
BMiQ � 7`22 T�`i �M/ � iQ`bBQM T�`i

: ≃ Z` ⊕ Z/K1Z⊕ · · ·⊕ Z/KFZ.

h?2 BMi2;2` ` := `F(:) Bb +�HH2/ i?2 `�MF Q7 :X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2KK�
G2i (:•, ∂) #2 � +?�BM +QKTH2t Q7 }MBi2Hv ;2M2`�2/ �#2HB�M ;`QmTb
bm+? i?�i :M = 0 B7 |M| >> 0. h?2M

∑

B
(−1)B `F(:B) =

∑

B
(−1)B `F(>B(:•)).

S`QQ7X
q2 +QMbB/2` i?2 +?�BM +QKTH2t (:Q

• , ∂) r?2`2

:Q
F = :F ⊗Z Q = Q`F(:F).

1�+? :Q
F Bb MQr � p2+iQ` bT�+2 Qp2` i?2 }2H/ Q- �M/ ∂ Bb � HBM2�`

K�TX JQ`2Qp2`
>B(:Q

• ) = Q`F(>B(:•)).

h?2 H2KK� 7QHHQrb 7`QK i?2 +Q``2bTQM/BM; bi�i2K2Mi 7Q` HBM2�`
K�Tb QM p2+iQ` bT�+2bX
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h?2Q`2K
G2i s #2 � }MBi2 *q +QKTH2tX h?2M

χ(s) =
∑

B
(−1)B#B(s)

r?2`2 #B(s) := `F(>B(s)) Bb +�HH2/ i?2 B@i? "2iiB MmK#2` Q7 s AM
T�`iB+mH�`- χ(s) Bb BM/2T2M/2Mi Q7 i?2 +?Qb2M *q bi`m+im`2 QM s
�M/ QMHv /2T2M/ QM i?2 +2HHmH�` ?QKQiQTv +H�bb Q7 sX
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1t�KTH2
χ(aM) = 1 + (−1)MX
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G2i s #2 i?2 i2i`�?2/`QM �M/ u #2 i?2 +m#2X h?2v ;Bp2 irQ
/Bz2`2Mi *q bi`m+im`2b QM a2

h?2v ;Bp2 irQ /Bz2`2Mi +QmMib Q7 i?2 1mH2` +?�`�+i2`BbiB+ Q7 a2

χ(s) = 4− 6 + 4 = 2, χ(u) = 8− 12 + 6 = 2.


