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Lecture 17: Cellular homology
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Cellular complex



Algebraic Topology 2020 Spring@ SL

Let {(Xi, xi) }ic/ be well-pointed spaces. Then

Ha(\/ Xi) = D Ha(X)

i€l i€l

Proof.
Let

y=][X. A=]]{x}
i€l icl
A C Yis a cofibration, therefore

Ha(\/ Xi) = Ha(Y/A) = = @ Ha(X;, x)) = @D Ha(X)).
iel

i€l i€l
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Definition

Let (X, A) be a relative CW complex with skeletons:
A=X"'tcXc-.cX'C--.
We define the relative cellular chain complex (C¥(X, A), 9)
o GIXA) D G A) B = GIXA) = 0

where
CcneII(X’ A) o Hn(Xn,Xn_l)

and the boundary map 0 is defined by the commutative diagram

H,,(Xn,Xn_l) anl(Xn_l,Xn_2)
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Assume X" is obtained from X"~! by attaching n-cells

H Sn— 1 _f Xn—l

OéeJn

|

[1 D"

OCEJn

Xﬂ

Since X"~1 < X" is a cofibration,

Cﬁe/I(X, A) Xn/Xn 1 @H Sn @Z
JIn

is the free abelian group generated by each attached

H,(D", 5" ') = H,(S").
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Using the diagram

Xn X— 1 Hn 1 Xn 1 Xn 2) Hn 2 Xn 2 Xn 3)
J{é / \ T
n 1 Xn 1 A n 1 Xn 2 A)
and 0,_1 0 j, = 0, we see that
On—100n = jn-100p-10jn0 0y = 0.

Therefore (CS¥"(X, A), 0) indeed defines a chain complex.
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Let (X, A) be a relative CW complex. We define its n-th relative
cellular homology by

Hff”(X, A) = Hn(Cse/l(X, A),0)

When A = §), we simply denote it by HS"(X) called the n-th
cellular homology.
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Let (X, A) be a relative CW complex. Let 0 < g < p < co. Then

H,(XP,X9) =0, if n<gq or

n> p.
Proof: Consider the cofibrations

XT s XTH ey ooy XPL ey XP

where each quotient is a wedge of spheres
X"+1/Xq _ \/5q+1,

X XP=\/ P,
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Assume n < g or n > p. Then
H, (X9t X9) = H, (X972, X9 = ... = H,(XP, XP~1) = 0.
Consider the triple X9 < X9t1 < X972 The exact sequence
Hn(Xq‘H’Xq) N Hn(Xq+2,Xq) N Hn(Xq+2,Xq+1)

implies H, (X2, X9) = 0.

The same argument applying to the triple X9 — X9t2 «— X9+3
implies H,(X9"3, X9) = 0. Repeating this process until arriving at
X9 — XP~1 < XP, we find H,(XP, X9) = 0. O
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Let (X, A) be a relative CW complex. Then the cellular homology
coincides with the singular homology

HE(X, A) ~ H, (X, A).
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Consider the following commutative diagram

Hppp (XTHL, X7) Ho (X772, A)(= 0)

ﬁ)

Ho(X"™ 1, A) (= 0) == Hp(X", A) ———>= Hp(X", X"~ 1) ———>=H,_1 (X1, 4)

T

Hp (XL, A) Hy 1 (X771, x72)

Ho (X1, X7) (= 0) Hy_1 (X772, A)(= 0)
Diagram chasing implies

H, (X" A) ~ HE( X, A).
Theorem follows from the exact sequence
Hpi1 (X, X™) (= 0) — Ha(X™ A) = Ho(X, A) — Ha(X, X" (= 0)

=
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Let f: (X, A) — (Y, B) be a cellular map. It induces a map on
cellular homology

. HE'(X, A) — HE(Y, B).

Therefore in the category of CW complexes, we can work entirely
with cellular homology which is combinatorially easier to compute.
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Cellular Boundary Formula
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Let us now analyze cellular differential
On : Ha(X", X"H) — H,_ (X771 X072,
For each n-cell €, we have the gluing map
fen sy xn—L
This defines a map

f 5n1_>Xn1/Xn2 \/Snl
Jnl

which induces a degree map

(Fon)e : Haa (") ~Z — P H, (") ~ P 2.

Jn_ 1 Jn— 1

Collecting all n-cells, this generates the degree map

d, : EBZ — @Z.
In Jn—1



Algebraic Topology 2020 Spring@ SL

Under the identification C5¥(X", X"~1) ~ @ 7Z, cellular differential
Jn
coincides with the degree map

Op =~ dp.

Proof.

This follows from chasing the definition of the connecting map
On : Ha(X7, X" — H,po (X071, X072),
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CIP" has a CW structure with a single 2m-cell for each m < n.

Since there is no odd dim cells, the degree map d = 0. We find

Z k=0,2,-,2
HW(CP") = § el

otherwise
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Example

A closed oriented surface X, of genus g has a CW structure with a
O-cell ey, 2g 1-cells {a1, by, , ag, bg}, and a 2-cell ey.
In the cell complex

Z.ey i%@Za,—@EBZb,—ﬂZeO.
i i

the degree map ds sends

e2—>Z(a,-+b,-—a,-—b,-)=0

so do = 0. Similarly, d; is also 0. We find

Z k=0
7% k=1
A PR

0 k> 2. -
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Example

RP" = S"/Zs has a CW structure with a k-cell for each 0 < k < n.

RP? < RP! < ... < RP"! — RP".

RP" e and e are identified under Zy

We have the cell complex

287 . Ay

DA
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The degree map dy : Hi_1(S1) — Hy_1 (S 1) is

di = 1 + deg(antipodal map) = 1 + (—1).

So the cell complex becomes

It follows that

Z/27Z 0 < k< n, kodd
H((RP") =< Z k = n= odd

0 k= n=even

0 k>n
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Euler characteristic
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Let X be a finite CW complex of dimension n and denote by c; the

number of i-cells of X. The Euler characteristic of X is defined as:

X(X) = Z(—l)'Ci-
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Recall that any finitely generaed abelian group G is decomposed
into a free part and a torsion part

CGZ"®Z/mZ® - ®L/mL.

The integer r:= rk(G) is called the rank of G.
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Let (G,, 0) be a chain complex of finitely generaed abelian groups
such that G, = 0 if [n| >> 0. Then

S (-1)xk(G) = 3(~1) rk(Hi(Go)).

i i

Proof.
We consider the chain complex (GE, d) where

G2 = Gz @ = Q.

Each G% is now a vector space over the field Q, and 0 is a linear
map. Moreover

H/(G3) = Q&)

The lemma follows from the corresponding statement for linear
maps on vector spaces. []
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Let X be a finite CW complex. Then

X(X) = Z(—l)"b,-(X)

where b;(X) := rk(H;(X)) is called the i-th Betti number of X In

particular, x(X) is independent of the chosen CW structure on X
and only depend on the cellular homotopy class of X.
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x(8") =1+ (-1)"

DA
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Let X be the tetrahedron and Y be the cube. They give two
different CW structures on S?

They give two different counts of the Euler characteristic of S?

X(X)=4—-6+4=2, x(V)=8-12+6=2.

u}
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